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Abstract 

Working to lowest non-trivial order in fermions, we consider the four-derivative order cor- 
rected Lagrangian and supersymmetry transformations of the Euclidean Bagger-Lambert- 
Gustavsson theory. By demonstrating supersymmetric invariance of the Lagrangian we 
determine all numerical coefficients in the system. In addition, the supersymmetry algebra 
is shown to close on the scalar and gauge fields. We also comment on the extension to 
Lorentzian and other non-Euclidean Af = 8 3-algebra theories. 
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1 Introduction 

The bosonic effective action for a single M2-brane [1] in static gauge and in a flat background with zero 
flux, is given by the abelian DBI action 

S M2 - - T M 2 J d 3 x y'-dct^+d^cU'). (1.1) 

The terms in the integral can be expanded as a power series in (5a;) 2 that is, a higher derivative 
expansion. After canonically renormalising the eight scalars so that X 1 = x 1 \JTm2-, the leading order 
and next to leading order terms in the expansion are 

S M 2 = J d 3 x - ^X'd^X 1 

+ ( d A x J— (+-d tl X I d^X J d v X I d v X J - ld fl X I d»X I d v X J d v X J ) (1.2) 

J 1 M2 \ 4 8 / 

+ ... , 



where we have ignored a constant and the ellipsis denotes terms ©((l/Tj^) 2 ) and higher. 

The generalisation of the fully supersymmetric leading order M2-brane action to multiple M2-branes 
was first constructed by Bagger and Lambert [2] [3] [4] and independently by Gustavsson [5] . The Bagger- 
Lambert-Gustavsson (BLG) theory of M2-branes is an Af = 8 supersymmetric field theory which is 
invariant under an SO (8) R-symmetry. The original formulation of the theory required the use of 
an algebraic structure called a Euclidean 3-algebra and is now known to describe, in some cases, two 
M2-branes [6] [7] [8] . Wider classes of Lorentzian and other non-Euclidean 3-algebra theories exist in the 
literature [9]- [14], however their status as multiple M2-brane theories is unclear. Subsequent research has 
shown that the appropriate generalisation of the leading order term to arbitrary numbers of M2-brancs 
is given by the ABJM theory [15]. 

There have been several papers which aim to determine the next to leading order i.e. the 1/Tm2 
higher derivative corrections to multiple M2-branes. It is known [16] [17] [18] that in three dimensions 
a non-abelian 2-form is dual to a scalar field. In [19] this dualisation was applied to 3D super- Yang- 
Mills (the effective worldvolume theory of multiple D2-branes) and it was shown that it could be re- 
written as an SO(8) invariant Lorentzian 3-algebra theory. Three-dimensional SYM arises simply by 
the appropriate dimensional reduction of 10D SYM and the higher derivative corrections to this have 
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been uniquely determined (including quartic fermions in the Lagrangian) by superspace considerations 
in [20] [21] and independently in [22] by calculating open-string scattering amplitudes. The first higher 
derivative corrections to the 10D SYM Lagrangian and supcrsymmetry transformations arise at order 
a' 2 and the same is true in the reduction to three-dimensions. In [23] the authors applied the analysis 
of [19] to the a 12 corrections of the 3D SYM Lagrangian. The resulting 5*0(8) invariant, Lorentzian 
3-algcbra formulation features only 3-brackets and covariant derivatives of the scalar and fcrmion fields. 
This lead to the conjecture that higher derivative corrections to the Euclidean BLG theory would be 
structurally identical to the Lorentzian theory and only feature 3-brackets and covariant derivatives. 

A different approach was considered in [24]. Here the most general 1/Tm2 higher derivative M2-branc 
Lagrangian with arbitrary coefficients was considered. Then, using the 'novel Higgs mechanism' [25] 
this was reduced uniquely to the four-derivative order correction of the D2-branc effective worldvolumc 
theory The results of [24] applied both to the Euclidean BLG theory and Lorentzian 3-algcbra theories 
and confirmed the conjecture of [23]. Other attempts to construct the full non-linear action for multiple 
M2-branes include [26] [27] [28]. 

The higher derivative corrected 3-algebra Lagrangians of [23] [24] are expected to possess maximal 
supersymmetry although this was not verified in either case. An attempt to determine next order 
corrections to the supersymmetry transformations was made in [29]. Here Low applied the analysis of 
[19] and [23] at the level of the multiple D2-brane supersymmetry transformations. It was found that the 
a' 2 corrections to the fermion supersymmetry could be written in an SO (8) fashion but that the scalar 
transformation could not be. The gauge field supcrvariation was not considered. By taking an abclian 
truncation of the higher derivative Lorentzian 3-algebra action and showing it was supcrsymmetric, Low 
was able to partially determine the higher derivative scalar supersymmetry transformation. 

As it is not possible to derive higher derivative SO(8) invariant 3-algebra valued supcrsymmetries 
from the multiple D2-brane ones by the 2- form/scalar dualisation approach, it seems the only way to 
unequivocally determine them is to examine the full supcrvariation of the higher derivative Lagrangian 
and by closing the superalgebra. This is the approach we will take here, focussing solely on the Euclidean 
BLG theory of [24]. 

The rest of the paper is as follows. In Section 2 we will give a brief overview of the BLG model of 
M2-branes. Our results are contained in Section 3; here we revisit the higher derivative action of [24] and 
introduce our ansatz for the l/Tj/2 corrections to the Euclidean BLG supcrsymmetry transformations. 
We determine all arbitrary coefficients in the system by examining the supervariation of the higher 
derivative Lagrangian for Euclidean BLG. In addition the supersymmetry algebra is shown to close on 
the scalar and gauge fields for the coefficients we find. Our conclusions can be found in Section 4 where 
we also comment on the extension to non-Euclidean theories and offer suggestions for further work. 



2 Overview of BLG 

We begin with a brief overview 1 of the BLG worldvolume theory of multiple M2-branes as presented 
in Ref. [3]. As we have already noted, the BLG theory is a three-dimensional SCFT with Af = 8 
supersymmetry and an SO (8) R-symmetry. Its field content consists of eight scalar fields, X 1 , which 
parameterise directions transverse to the M2-branc worldvolumc, fermions ip and a non-dynamical gauge 
field A^. The fields take values in an n-dimcnsional real 3-algcbra which we take to be spanned by a 
basis T°, a = 1, . . . , n. The 3-algcbra is equipped with a totally anti-symmetric 3-bracket which defines 
the structure constants f abc d- 

[T a ,T b ,T c } = f abc d T d . (2.1) 
The structure constants inherit the total anti-symmetry of the 3-bracket so that 

f abc d = f labc] d - (2.2) 

1 Detailed reviews of multiple M2-brane theories can be found in [30] and [31]. 
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The 3-bracket generates a gauge symmetry whose action on an arbitrary 3-algebra element Y = Y a T a 
is 

SY=[a,p,Y], (2.3) 

where a and (3 are two other elements of the 3-algebra. Requiring that this gauge symmetry acts as a 
derivation leads to the fundamental identity 

f ef9 df abc g = f efa g f bc9 d + f efb g f ca9 d + f efc g f ab9 d i.e. /^ c s / dIe/s = 0- (2.4) 

There is also an inner product on the 3-algcbra which is symmetric and linear in both its entries and 
acts as a metric on the gauge indices. It is defined by 

h ab = Tr ( T a T &) _ ^.5) 

For any two 3-algebra elements Y and Z their inner product Tt(YZ) is required to be invariant under 
the gauge transformation (2.3). In basis form this leads to 

Tr([T a ,T b ,T c ]T d ) = -Tr(T a [T b ,T c ,T d }) i.e. h e(d f a ^ bc e = , (2.6) 

which together with Eq. (2.2) implies f ahcd ^ = 0. 

Real 3- algebras may to classified according to the signature of h ab . When the inner product has 
one or more time-like directions there exist infinite families of 3-algebras. These are the Lorcntzian 
3-algcbras of [9] [10] [11] and the multiple time- like 3-algebras of [12] [13] [14]. For Euclidean signature 
where h ab oc S ab , there is a unique (up to direct sums) finite-dimensional 3-algebra [32] [33] [34]. In this 
case the structure constants are given by [3] 

jabed 2 jz_^abcd (2 

with a,b,c,d £ {1,2,3,4} and k is the integer Chern-Simons level [4]. Hence the gauge algebra is 
su(2) x su(2) = so(4). Whilst there is a single 3-algebra and Lagrangian associated with the Euclidean 
theory there are two inequivalent gauge groups given by either SU(2) x SU{2) = Spin(A) or (SU(2) x 
SU(2))/Z 2 — 5*0(4) [8]. We will refer to this 3-algebra as A4 and the theory as the A4 or Euclidean 
BLG theory. Investigation of the moduli space of the Euclidean BLG theory [6] [7] [8] identifies it as the 
worldvolumc theory for a pair of M2-branes propagating in an orbifold characterised by the level k. 

The lowest order multiple M2-brane supersymmetry transformations are, 

5Xl = ieT^a , (2.8) 

5Af a = ieT^iX^df^a , (2.9) 
S^j a = Y^eD^Xi - \Y 1JK eXlxixfp db a , (2.10) 

where A^ a = A^df^a and D^X^ = d^X^ — A^aX^. The commutator of two supcrsymmetries on 
the fields gives 

[S 1 ,S 2 ]X I a = - 2i{e 2 T»e 1 )D tl X I a - i{e 2 Yj K ^)X J c Xfxlf cdh a , (2.11) 

pi.fclVa = + H^eiy^x (x T c D x xi + i^rVd) f cdb a 

- 2i(e 2 r IJ e 1 )X I c D^X d !f cdb a , (2.12) 
[Si,6 2 ]1>* = ~ 21(1^6^ D^ a - i&Tue^Xlxj^f^a 

+ l (6 2 r,6 1 )r^ (r»D^ a + $r JJ xZxiihf cdb a ) 

- |(e2r if L6 1 )r Ki (r^D^ a + ^VuXlx^f^a) ■ (2.13) 
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Hence the supersymmetries close on to translations and gauge transformations after imposing the fol- 
lowing equations of motion 

E Ax » b = \e^ x F^ b a - {XlD x Xl + |&rV«0 f cM a = , (2.14) 
= T^D^ a + iTuXlxii'bf^a = , (2.15) 

where F^ v b a = d v A^ b a — d^Av a + A v h ' c A^ a — A^ c A v c a is a gauge field strength. The scalar equation 
of motion: 

E XIa = D 2 X{ - ^ c T IJ X-^ b f cdb a + y hcd a r f9 d XiX?XlX J f Xf = , (2.16) 

can be identified by taking the supervariation of the fermion equation of motion. The supcrsymmetric 
Lagrangian which gives rise to these field equations is 

Cblg =Tr {-iD^X'D^X 1 - ±[X* ,X J ,X K ][X I ,X J ,X K ] + \i>T»D^ + ^r IJ [X I ,X J ,i>]) 

+ \e^ x (f abcd A^ ab d v A Xcd + y cda g f eigb A^ ab A vcd A Xef ) . (2.17) 

3 Higher Derivative Lagrangian and Supersymmetries 

We begin with the most general four-derivative order Lagrangian as considered in [24], to lowest non- 
trivial order in fermions 

C T -i = T^STrj + aD fI X I D f ,X J D l/ X J D„X I + h X 1 D^X 1 D v X J D U X J 
+ c e^ vX X IJK D fl X I D,,X J D X X K 

+ dX IJK X IJL D»X K D^X L +eX IJK X TJK D fJ 'X L D^X L 
+ f x IJK X IJK X LMN X LMN + g x IJK X IJL X KMN X LMN 
+ id ^Y 1 - 1 D v i)D il X 1 D v X J + ie^D u ^D ll X I D v X I 
+ il$T IJKL D v ^ X IJK D V X L + ig^T IJ D^ X IJK D V X K 
+ ihipV IJ [X J , X K , ip]D' 1 X I D li X K 

+ ii tpT^X 1 , X J , %l>]D l ,X I D l/ X J + ij i'T^T 1 - 7 [X J , X K ,^}D f ,X I D U X K 

+ ik^T IJ [X K , X L ,iJj}D fi X I X JKL + il ^[X 1 , X J , %P]D^X K X IJK 

+ im.^T IJKL [X L ,X M ,%jj}D ll X M X IJK + ihi:T tl T IJ [X K 1 X L ,xP]D l ,X L X UK 

+ l 6^T IJKL [X M ,X N ^]X IJL X KMN + tpi'T IJ [X K ,X L ,^}X IJM X KLM }. (3.1) 

We have adopted the notation X IJK := [X 1 , X J , X K ] which we will use to save space wherever possible. 
Let us make some comments on this Lagrangian. The symmetrised trace of four basis elements of the 
Ai 3-algebra is given by STr{T a T b T c T d } = d abcd and is totally symmetric and linear in its four entries. 
Next, we require that each term within this higher derivative Lagrangian is gauge invariant. Acting on 
a generic four-derivative order term with the gauge transformation (2.3) we see that this requirement 
leads to 

STr{[a,/3, Y^l^ + Y x [a, / 8, Y 2 ]Y 3 Y i + Y x Y 2 [a, /?, Y 3 ]Y 4 + YiY a Y 3 [a, /3,Y 4 ]} =0, (3.2) 
where Y±, . . . , Y± are arbitrary fields. In basis form this symmetrised trace invariance condition reads 

d abcdjefg a + ^ecdjbfg^^ + jabed g ^ + jabce fdj <g ^ = q { & ^(fccrf^e)/^ = Q ^ (33) 

and can be seen as a generalisation of the trace invariance property: h a ^ b f e ^ 9 a = 0. 
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There are further identities we can construct using the symmetrised trace. To start with we note 
that due to their simple nature the structure constants of the Ai 3-algebra satisfy 

j[abcd je]fgh _ q j fi jabcd jefgh _ _|_ jbced jafgh _ jcead jbfgh jeabd jcfgh _ jeabc jdf gh /g ^\ 

We can combine this identity with the symmetrised trace to find 

STr{T d r /i r i r j }/ afcc<i / e/ff/l ^STr{T d T h T l T J }(f bced f af9h - f^fSah + jeabdjcfgh^ ^ ^ 

where the final term, STr\TdTf l TiTj}f eabc f d f gh , vanishes because of symmetry/anti-symmetry under 
d -B- h. Contracting the gauge indices with the fields leads to the following identities 

STr|a/3X /l/2/3 X JlJ2j3 | = STr ja/3 (x Jll2h X IlJ2 - h + x hJlh X l2 ' hJ3 + X hh Jl l' 3 '' 2 Js ) X , (3.6) 

STrja^ [X h , X 1 ' 2 , >y]X Jl J * J * } = STr{a/3 ([X Jl , X h , -f]X h J ^+[X h , X Jl , j}X hJ2J:> 

+ [X j2 ,X' ,3 ^}X Ill2Jl )} , (3.7) 

where a, f3 and 7 are arbitrary fields and I\,J\,... are transverse Lorentz indices. 

The starting ansatz for the four-derivative order Lagrangian can be simplified using these identities. 
Equation (3.6) shows that the f and g terms in C 1 / Tm2 are proportional to each other. The same 
equation, together with anti-symmetry in the T-matrix indices, tells us that the term in C\/t M2 with 
coefficient 6 is identically zero. Similarly, the term with coefficient m is identically zero through the use 
of Eq. (3.7). We subsequently drop the terms with coefficients g, m and 6 to leave 

£ T _i = ^STrj + aD^X I D t ,X J D l/ X J D u X I + hD li X I D^X 1 D v X J D V X J 
+ c^ A X IJK D ll X I D u X J D x X K 

+ dX IJK X IJL D f *X K D t ,X L + eX IJK X IJK D"X L D„X L 
+ f x IJK X IJK X LMN X LMN 

+ M^TT" D^iPD^X 1 D U X J + ie^D v i}}D tl X I D u X I 
+ ili>Y 1JKL D v ^ X UK D U X L + i&i>T IJ D u ij) X IJK D V X K 
+ ihipr IJ [X J ,X K ,il)}Di*X I D fl X K 

+ il^T^lX 1 ,X J , ip]D IJ ,X I D u X J + ij 4>T^r IJ [X J , X K , tP]D fl X I D^X K 



+ i\Lij;T^Y IJ [X K , X L , ij}D f ,X I X JKL + ilipT' i [X I ,X J , ip]D^X K X 



K V IJK 



ih^T 1 J [X K , X L , i;]D t ,X L X IJK 



+ ip^T IJ [X K ,X L ,i,}X IJM X KLAi y (3.8) 

We now give the general starting point for the 1/Tm2 higher derivative corrections to the M = 8 
supcrsymmctry transformations which are consistent with mass dimension, 3-algcbra index structure, 
parity under To 12 and Lorentz invariance. We assume that the higher derivative scalar and fermion 
supersymmetry transformations are built out of ip, DX and [X, X, X] only. In particular, as the Chern- 
Simons term in Cblg does not receive higher derivative corrections, the gauge field strength is not 
present in the 1/2m2 supersymmetries. The gauge field variation additionally requires the presence of 
a 'bare' scalar field. 

Our ansatz for the scalar supersymmetry transformation, to lowest order in fcrmions, is 

5'Xi = ^ (S' 2DX Xi + 5' 1DX Xi + 5> QDX Xi) , (3.9) 
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where 



6%dxXI = + isi(eT IJK T^^ b )D^D v Xf d 
+ is 2 (eT J T^ip b )D fi X I c D v Xi d bcd a 
+ is 3 (er J ^ b )D fl X^D»Xi d bcd a 
+ is^eT'^D^D^Xi d bcd a , 



bed 



<>lDX X a 



is b {eT IJKLM T^i % )D^X J c Xf LM d bcd a 
is 6 (er KLM T^ b )D^X^ LM d bcd a 

i S7 (er JLM r^^ b )^x c 7 xi LM d bcd a 

i Ss (eT ILM T^ b )D^X d X dLM d bcd a 
is 9 {eT M T^ b )D^Xy M d bcd a , 



S'odxK = + i Sw (er^ b )Xl KL Xj KL d bcd a 
+ i Sll (er L 4> b )Xl KL Xj KI d bcd a . 

The ansatz for the fermion supersymmetry transformation is 

S '^ a = Tm2 ( S 3DX*Pa + S' 2DX 1p a + S' 1DX 1p a + S' 0Dx ^ a ) 

where 

S' 3 Dxi'a = + fiV^Y^eD^XiD^DxX^ d bcd a 
+ f 2 T K T^D^X b J D,Xi J D"X I f d bcd a 
+ f 3 r K T»eD fl X b K D„XZD v Xi d bcd a , 



S'2Dxi>a = + UT^^T^eD^D^X, 

J] 



LAIN ,bcd 



^KLM 

-.KLM 
^KLM 



f 5 T K LM V^eD^Xi D V X*X( LM d bcd 

-J KM ibcd 
d a c 

KLM ibcd 



foT M V lv eD tl X b J D v X«X { 



f 7 T K ^ M eD^D^X^X d 



fsT^eD^D^XfX^ d" , 



d b 

JLM ibcd 



S'lox^a = + hT J T»eD„XiX? LM X, 



KLM V KLM ibcd 



fwT^eD^X^^X, 



J V JKL v KLM ibcd 



X' „/, _l f r^OP c vJKL y-JKL Y NOP jbcd 

Finally, the ansatz for the gauge field variation, again to lowest order in fermions, 



S'A L 



{$2DX A V b a 



S'lDxAiJ'a 



>X-^fJ. b a j 



where 



$2Dxh h * = + igx{^ ^ ^ e )D v x J s D v x J g xld^^ d f db a 
+ ig^Y'^D^XjD^Xl d e ^ d f cdb a 
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+ ig^T'^D^XjD.Xlxi d ef9 d f cdb a 

+ ig^eT^^D^Xp^X^Xi d e ^ d f cdb a 

+ ig 5 (er ii r J ip e )D 1/ XfD u X I g X I c d efg d f db a 

+ igs{eT tlvX T J ^ e )D v X J f D x X I g X I c d efa d f cdb a 

+ ig 7 (eT lll/X T IJK ^ e )D''XjD x X g K X I c d e ^ d f db a 

+ ig 8 {eY v T IJK ^ e )D ll X J 1 D v XfX I c d^v d f cdb a , (3.19) 



<WV« = + ig^eY^T^^^Xjxf LM X{ d e ^ d f cdb a 
+ igwieT^^^D^Xjxl^Xi d ef ° d f cdb a 
+ ig 11 (eT^T M i Je )D-X d X I g JM X^ d e ^ d f cdb a 
+ igu(eT KLM i'e)D^X I f X I f LM X^ d & ^ d f db a 
+ ig^^'^D^XjX^Xl d^ d f cdb a 

+ J . 9l4 (eT M ^)^X/X 9 /JM X c 7 d e ^ d f cdb a , (3.20) 



<WV« = + igi 5 (eT fi T I ^ e )Xj KL X dKL X I c d efs d f cdb a . (3.21) 

There are other terms which are consistent with mass dimensions etc. that could be added to the 5' 
variations however, we can apply the A4 identity fl abcd f e ]f9 h = at the level of the supersymmetry 
transformations to find 

a b X I c ll2l3 X d IlJ2j3 d bcd a = a b (Xi hl2l3 X I d lJ2j3 + X^^^X 1 , 2 ^ 3 + X dll2Jl X 1 / j2 - h ) d bcd a , (3.22) 

aepfX^ 32 j3 Xl d e ^ d f cdb a = a e p f {xl J2j3 X^ + X g hLh X d2 + Xf^X?) d e ^ d f cdb a , (3.23) 

where a and /3 are either ip, DX or [X, X, X}. Using these identities it is possible to show that the 
additional terms are either identically zero or proportional to terms we have already listed. 



3.1 In variance of the Lagrangian 

We want to determine the coefficients for which the BLG Lagrangian together with its 1/Tm 2 correction 
given in Eq. (3.8) is maximally supersymmetric. As the BLG Lagrangian is invariant under the lowest 
order supcrsymmetries i.e. SCblg = 0, the full corrected Lagrangian varies into 

SC = S'£ BLG + SC 1/Tm2 + O (jrkw) = + ~ SC * + <^ 2 + ^ + ~ 5C ° ' ( 3 - 24 ) 

where we ignore O (1/(7m2) 2 ) terms. The subscript in 5C n enumerates the total number of covariant 
derivatives acting on the fields and because the terms in 5£ n arc independent of those in any other SC m , 
invariancc of the full Lagrangian means each 5L n must be invariant up to total derivatives. 2 

When we insert the higher derivative supcrsymmetries which are of the form S'xa — o/-bf3cJdd bcd a , 
into the varied kinetic terms in S'Cblg wc find Tr is promoted to STr because 

Tr(<M' X ) = rS'Xa = rvbPcJd d bcd a = <j>aa b p cld d abcd = STr{0a/3 7 } . (3.25) 

Inserting the higher derivative supersymmetries into the varied bosonic potential and Yukawa terms in 
S'Cblg requires more manipulation: 

Tr(0[A,<^' X ]) = <P a \^f5'xaf efa9 = ^ g \^ s a h Mdd bcd a r !a9 = -^KftOhMd d abcd f ef \ . (3.26) 

2 There is the possibility that SC = only after terms are removed using 1/Tm2 X lowest order equations of motion 
(which are C(l/T| /2 )), in which case the different SC n are not independent. However, we find for the Euclidean theory 
that invariance does not require use of the lowest order field equations. 
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Using the gauge invariance condition in Eq. (3.2) we can write this as 

Tt(<f>[\, if, S'x}) = STr{0/3 7 [A, if, a] + <j>a~f[\ <p, ft + <f>a/3[\, <p, 7]} =: STr{0[A, <p, a/3 7 ]} . (3.27) 

We are now in a position where we can proceed to compute SC. We start by investigating the terms 
in the variation of the full corrected Lagrangian which contain four covariant derivatives. These come 
from 

~SC i = ^STr{ - D^oxX^X 1 + |<WV™^ + ^D„{5' 3DX ^) + \e^ x F vX 8' 2DX A, 
+ 4:&DV(6X I )D fl X J D"X J D u X I + 4b D^iSX^D^X 1 D V X J D U X J 
+ id5 lDX ^T^T IJ D^D^X 1 D V X J + id^T p T IJ ' D^dx^D^X 1 D u X j 
+ ie5i DX ^T^D y i}D tl X I D v X I + ieijT li D v (6 1D xi>)D'*X I D V X T \ . (3.28) 

Note that the gauge field strength contributes two derivatives through its definition as the commutator 
of covariant derivatives. We have also split the lowest order fermion supersymmetry into dip = i5odx"0 + 
SiDXtp with SoDXip = T^T 1 eD^X 1 and S 0DX ip = — \T IJK e X IJK . The next steps in the calculation 
are to insert the appropriate supersymmetry transformations, canonically reorder tp and e using the 
spinor flip condition Eq. (A. 7) and then commute the worldvolume T-matrices through the transverse 
ones. Doing all this gives 

SC 4 = j^STr| - i Sl eT IJK T x » D U {^D X X J D fl X K )D" X 1 - is 2 lT I Y^ D u {%j:D x X J D tl X I )D v X J 

- is z lY I D il (^D v X J D v X 1 )D ll X J - is^eT 1 D^D V X J D v X J )D fl X I 

- y i eT IJK T vXp T' i D ll ipD l ,X 1 D X X J 'D P X K + y i eT TJK r ,/Xp T'"tpD fl (D v X T D x X J D p X K ) 

- ^f 2 ^ I T x T^D ll ^D x X J D V X J D U X I + ^f 2 eT I T x T' l i()D fl (D x X J D v X J D' / X I ) 
~ ^heV'T^D^DxX 1 D U X J D v X J + {heT'T^^D^DxX 1 D V X J D u X J ) 

- y i e li P <T eT I T^D v X J D v X J {F pa X I ) - y 2 e^ a eT I T v ^D ll X J D V X J '(F^X 1 ) 

- y^eT J T v ^D^X J D v X I {F p<J X I ) - ^e^eT^^D^X 1 D U X J (F^X 1 ) 

- y s e>«"er J r^D u X J D v X I (F p<r X I ) - y 6 e^eT J r^D»X J D X X ! (F^X 1 ) 

- ig 7 e^eT IJK T^D v X J D x X K {F p(T X I ) - ^g 8 e^eT IJK T^'D^X J D ly X K {F pa X I ) 
+ 4ia eT'D^^D^X J D V X J D U X I + 4ib IT 1 D^ipD ^X 1 D y X J D V X J 

+ ideT K T IJ T x T il D v ipD IJ ,X I D v X J D x X K + id lT K T IJ T x T^i}D v {D x X K )D p X I D v X J 
+ ieZT J T x T ll D v %l)D ll X 1 D V X ! D X X J - ielT J T x Y^^D v (D x X J )D p X I DuX*\. (3.29) 

After using worldvolume T-matrix duality (A. 4) wherever e llf " y occurs and then expanding out the T- 
matrices (this has been aided by use of Cadabra [35] [36]) we find the appearance of four distinct and 
independent types of T- matrix terms; Y IJK T Xfi , Y IJK , r 7 r A/J and T 1 . We consider each of these types 
in turn. 

We find the Y IJK Y x ^ terms to be 

^STr{ + i (-f/i - si + d) eT IJK Y x i i D v il}D fJl X I D V X J D X X K 
+ i eT IJK T x ^D v (D fl X I D v X J D x X K ) 
+ i (-2si + d) eT IJK T x ^tpD' / (D fl X I )D l ,X J D x X K 

+ i(-g 8 )er IJK r x ^D^X I D»X J (F uX X K )} . (3.30) 
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The first two lines combine to form a total derivative if they share the same coefficient. Hence we require 
— |/x — si + d = The two remaining terms are invariant if si = and g$ = 0. The value for 

Si allows us to identify /i = +^d- 
The Y IJK terms are 

r^STrj - idiT IJK i'D^(D lJ X K )D f ,X I D l/ X J + ig 7 eT IJK iPD"X J D x X K {F„ x X 1 )^ (3.31) 
= j^STrj + i(-d + 2g 7 )ir IJK t(;D>*(D u X K )D f ,X I D l/ X J } , (3.32) 

where we have made use of the definition F^ V X = [D^, D U ]X and relabelled dummy Lorentz indices. 
Invariance of the T IJK terms then follows if g 7 = + \d. 
After some manipulation the r 7 r A/i terms are 

T^STrj + i (-±/ 2 ) eY I Y x ^D^D x X J D u X J D v X I 
+ i (-±/ 2 ) eY I Y x ^D ll {D x X J )D lJ X J ' D v X 1 

-\h - d) eY I Y x ^D x X J D^D„X J )D»X I 
5/2 + e - s 2 ) er / r^V^AA J ^,X J Z? A1 ( J D ,y X 7 ) 



* (-l/a) eT I T^D^D x X I D u X J D"X J 
i (-|/ 3 ) e^r^^^A^A^' 7 ^*' 7 

i/ 3 + |d + ±s 2 ) eT'T^iiDxX 1 D^{D V X J D v X J ) 



d e s 2 j €T I T^D"ijD^X I D V X J D X X J 

+ * (+3/2 + |<?3 + £ff 4 + §<7s) er / r A ^'(^A^ J ) J D^ / J D,X J 
+ i (+|/ 3 + \gx + lY I Y x ^{F llX X I )D v X J D' J X J 

+ i (-d - s 2 - 53) er 7 r^v(^^ J )^A^ 7 ^^ J 

+ i (-e + s 2 - g 2 ) eY I Y^ip(F^X I )D x X J D u X J 

+ i(+d- .94) er / r^V(^,A J )C' y X / C A X' 7 } . (3.33) 
The first seven lines can be written as two distinct total derivatives provided 

- 2-/2 = +2-/2 -d = +i/ 2 + e- S2 , (3.34) 

-\h = +\h + \&+\s2- (3.35) 

The remaining terms vanish if 

= -d-e-s 2 , (3.36) 

= + \h + ±93 + i?4 + 5.95 , (3.37) 

= + \h + \9i + \& , (3.38) 

= - d - s 2 - 53 , (3.39) 

= - e + s 2 - g 2 , (3.40) 

= + d - g 4 . (3.41) 
The solution to these simultaneous equations is 

/ 2 = +d, / 3 = -£d, s 2 = 0, e = -d, (3.42) 
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5i = -|d, g 2 = +d , #3 = -d, .94 = +d , g 5 = d . (3.43) 
Finally, the T 1 terms can be manipulated to arrive at 

^STr{ + i f-y 2 - s 3 + 4a - d + e) eT 1 D»^D U X 1 D^X J D„X J 
+ i (+5/2 - s 3 - e) IT I ^D^{D V X I )D^X J D IJ X J 

+ i (+|/2 - s 3 - 56 - d) er^^^^^X 7 ^ 1 (D U X J ) 
+ i (-f/3 - s 4 + 4b + d) eT 1 D^^D^X 1 D V X J D u X J 

+ i (+i/ 3 ) erV^l^')^^ 7 ^^ 7 

+ i (+|/s -s± + 1 56 + |d) er^^X^^^X' 7 ^^' 7 )} . (3.44) 
We see that the first four lines combine to form a total derivative if 

- \h -s 3 +4a-d + e = +y 2 - s 3 - e = +i/ 2 = + i/ 2 - s 3 -g 6 -d. (3.45) 
The last three lines form another total derivative provided 

- 5/3 ~ Si + 4b + d = +\h = +\h - Si + ±56 + ^d . (3.46) 

Using the values for / 2 , and e in Eq. (3.42) we can solve these latest simultaneous equations to 
discover 

s 3 = +d, s 4 = -id, = -2d, a = +d, b = -id. (3.47) 

To summarise, the four covariant derivative terms £4 are invariant up to boundary terms if the 
coefficients in the Lagrangian and supersymmctry transformations are given by 





a = 


+d, 


b = 


-|d, 


e = d , 




(3.48) 




A = 4 


id, 


h = 


+d, 


/s = -|d, 




(3.49) 


Sl 


= +|d, 


s 2 


= 0, 


S3 = 4 


d , s 4 = - 


id, 


(3.50) 


.91 


= -|d, 


.92 = 


= +d, 


.93 = 


-d , 54 = 


+d, 




.95 


= d, 


.96 = 


-2d, 


.97 = 


+ |d, g 8 


= 0. 


(3.51) 



The coefficients in Eqs. (3.49) and (3.50) satisfy the relations previously found by Low [29]. 

We now consider the terms in S'Cblg + ^-£i/t M2 which contain a total of three covariant derivatives. 
These are, 

SC 3 = ^STr{ - D^^X^X 1 + 5'^A^X 1 D» X 1 

+ iS' 3DX ^T IJ [X I ,X J ^} + ^TjAX^X^S'^} 

- AslSA^X 1 D^X J D v X J D^X 1 - AhSA^X 1 D^X 1 D v X J D„X J 

+ 3ce^ A [SX I ,X J ,X K ]D t ,X I D^X J D x X K + 3ce^ A X IJK D^{8X I )D U X J D X X K 

+ iAS qdx ^t, 1 t ij d v ^d> 1 x i d''x j + id^r^tW^)^^ 1 ^' 7 
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+ ieSoox^r^D^D^X'D.X 1 + iei}T fi D u (S QDX ^)D tl X I D v X I 

+ if5 1DX ^T UKL D v tp X IJK D V X L + ifij;T UKL D v (5 1D xi>)X IJK D"X L 

+ ig5 1DX jr IJ D^j X IJK D U X K + iz4,T IJ D v {5 1DX ^)X UK D l 'X K 

+ ih 5 1DX ijT IJ [X J , X K , ^}D P X I D P X K + ih 4>Y IJ [X J , X K , Sxdx^D^X'D^ 

+ iiSwx^lX 1 ,X J ,7p]D fl X I D u X J + iUv^[X I ,X J ^mx^D^X 1 D V X J 

+ ij S 1DX ^Y^Y IJ [X J , X K , i)]D> i X I D v X K 

+ iU^„uT IJ [X J ,X K ,5 1DX i>]D' i X I D v X K } . (3.52) 

Once again we insert the appropriate supersymmetry transformations, canonically reorder if) and e using 
the spinor flip condition Eq. (A. 7) and then commute the worldvolume T-matrices through the transverse 
ones. The result is 

^STr{ - is b eY IJKLM Y p D' y {4>D tl X J X KLM )D u X I - is e eY KLM Y p D" '(tpD^X 1 X KLM )D V X I 

- is 7 eY JLM Y tl D v {^D ll X J X ILM )D lJ X I - is^eT^T^D" \ipD^X J 'X JLM )D V X' 

- is g €T M r f "D u (tpD f ,X J X IJM )D u X I 

- i gi eY J Y p iP[X J , X 1 , D» X T ]D V X K B v X K - ig 2 lY J Y v i:[X J ', X 1 , D^X^D p X K D V X K 

- ig 3 eT J T ,/ ij[X K ,X I ,D f "X I ]D fI X J D lJ X K - ig 4 eT J T"ip[X K , X 1 , D p X I ]D fl X K D U X J 

- ig 5 eT J T^ij[X K , X 1 , D fi X I ]D l ,X J D v X K - ig e lY J Y' ll/X xJj[X K X 1 , D fi X I ]D v X J ' D X X K 

- ig 7 eT JKL T' nyX tp[X J ', X 1 , D p X I ]D v X K D X X L - ig s eT JKL T' / ip[X J , X 1 , D p ' X T ]D p X K ' D V X L 
+ if A eT IJKLM T vX T' i D^D v X I DxX J X KLM - if A eY IJKLM T vX r' i ^D fJ ,(D v X I DxX J X KLM ) 

- if b eT KLM T vX T^D^D v X J 'D X X K X jlm + ^f 5 eY KLM Y" x Y^^D^(D u X J D x X K X JLM ) 
+ \j§ZY M Y vX Y p D^D v X J D X X K X JKM - ^f 6 eY M Y" x Y p iPD f ,(D u X J D x X K X JKM ) 

+ y 7 eT KLM T^D^:D v X J D v X J X KLM - \j 7 lY KLM Y p ^D „(D V X J ' D" 'X J ' X KLM ) 
+ {hW KLM Y p D^D v X J D v X K X JLM - y s eY KLM Y p ^D p (D v X J D u X K X JLM ) 
_ y iET KLM Y IJ Y^ x [X I 7 X J ,ij}D l _ l X K D u X L D x X M 

+ y 1 eT KLM T IJ T tlvX ii>[x I , x J ', d^x k d„x l d x x m ] 

- |/ 2 er K r JJ r^[X J , X J , ^)\D li X L D v X L D v X K + y 2 eY K Y IJ Y p ij[X I , X J , D fl X L D u X L D"X K ] 

- if 3 eT K r IJ T^[X I ,X J ,tp]D fi X K D l/ X L D v X L + y 3 lY K Y u Y' 1 tP[X I ,X J D U X L D u X L ] 
+ \g^ pa lY KhM Y^D l 'X I X KLM {F po X 1 ) + ^g w e pp,J eY JLM Y X J X ILM {F pa X L ) 

+ ±g 11 e ppa eY M Y^D»X J X IJM (F^X 1 ) + ±g 12 e^eY KLM yjD^X 1 X KLM (F^X 1 ) 
+ igi 3 £>«"'eY JLM i;D li X J X ILM (F p( ,X I ) + § g li e' ip ' r eY M il)D li X J X IJM {F pa X I ) 

- AiaeY K Y p [X K 1 X 1 ', tp]D^X J D v X J D V X T - 4ib IY K Y^[X K , X 1 \ i^D^X 1 D v X J D V X J 
+ 3ice^ x lY 1 ^, X J , X K ]D p X I D v X J D x X K + Zice pyX eY 1 D^D V X J D X X K X IJK 

_ id iY KLM Y 1J Y il D lJ ^D i ,X I D v X J X KLM - f eY KLM Y IJ Y p '^D u {X KLM )D p ,X I D u X J 

- f eY KLM Y^D"4>D t ,X I D^X I X KLM + f lY KLM Y p xj;D h \X KhM )D „1 J 'D V X* 

+ iieY M Y IJKL Y p D y ^X IJK D v X L D^X M + ii eY M Y IJKL Y p i>D u {D p X M )X IJK D v ' X L 

+ igeY L Y IJ Y p D^X IJK D u X K D p X L - i£iY L Y IJ Y tl 4>D lJ (D p X L )X IJK D' y X K 

+ iheY L Y IJ Y p [X J , X K , ip]D u X 1 D V X K D p X L - iheY L T IJ T tl ^[X J , X K , D ^X L \D V X 1 D V X K 

+ iieT^Y^lX 1 , X J , ^]D p X I D v X J D x X K - i\ eT K T x T> lu ip[X I , X J , D x X K ]D fl X I D V X J 
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+ ij ir L T IJ T x T^[X J 1 X K , ij}D f ,X I D I ,X K D x X L 

+ i]eT L T IJ T x T> ll 'i}}[X J ,X K tDxX^D^X 1 D U X K } . (3.53) 

We have omitted the calculations due to their length however, after using worldvolumc dualisation 
and performing the T-matrix algebra to we find all the terms in SC3 can be assembled into total 
derivatives or made to vanish through the gauge invariance condition in Eq. (3.2). As in SC4, this 
requires the coefficients to satisfy certain constraints. Using the coefficient data from 8C4 we can solve 
these additional simultaneous equations to find that SC3 is invariant if 

c = +|d, f = +±d, g=-|d, h = +d, i = -d, j = -d, (3.54) 

/ 4 = +^d, / B = 0, / 6 = -|d, / 7 = -^d, / 8 = +fd, (3.55) 
s 5 =+id, s 6 = 0, s 7 = 0, s 8 = 0, s 9 = +d, (3.56) 
.99 = , ,9io = +^d , g n = , g 12 = , 513 = , 514 = +d . (3.57) 

Demonstrating invariance of the terms 5C2, 5C\ and SCq proceeds analogously to SC4 and SC3 only 
now the presence of two or more 3-brackets means we can manipulate terms using the fundamental 
identity Eq. (2.4) as well as the Aa identities in Eqs. (3.6) and (3.7). We find invariance of 8C2 is 
achieved if, 

d = +d, e = -±d, k = +id, i = -id, n = ±d , (3.58) 
/ 9 = -id, /i = +|d, (3.59) 
s w = --^d, su = +id, (3.60) 
5i 5 = -^d. (3.61) 

The additional constraints from invariance of the SCi terms are p = — jd and fn = +^d whilst 
the 5£q terms require f = +^d. 

Wc have been able to determine all the arbitrary coefficients in the order 1/Tm2 Lagrangian and 
supersymmetry transformations up to a scale factor parametrised by d. The numerical value for d can 
be fixed by reference to the action for a single M2-brane in Eq. (1.2). We have seen in moving from a 
single M2-brane to multiple M2-branes the lowest order scalar kinetic terms are generalised as 

- ^d^X'd^X 1 -> Tr( - ^D^D^X 1 ) . (3.62) 

It seems reasonable that the 1/Tm2 corrections in Eq. (1.2) have a similar generalisation so that 

^ ( + \d fl X I d> 1 X J d l/ X I d u X J - ^X 1 d^X 1 d v X J d* 'X J ^j 

-^5^-STrf + \D^X I D^X J D u X I D l 'X J - \B ^X 1 X 1 D V X J D v X J ^ . (3.63) 

Thus, comparing with the 1/Tm2 ansatz in Eq. (3.8) we find a = +d = +| and b = — -|d = — | which 
implies d = +j. Having fixed the scale parameter the remaining numerical values of the coefficients 
are 3 , 

s i = + g 1 fi = +54 > 9x=— gi a =+ji 

s 2 = 0, /a = +i, 92 = +j, b = -|, 



3 In comparing our results for the Lagrangian coefficients to those of [24] we find some differences: although the values 
for the coefficients a, b, d-f and d-g match, in [24] non-zero values are assigned to rh and 6 whereas we have found they 
should be dropped from the A4 Lagrangian. For the remaining coefficients, c and h-p, we find the absolute values match 
but that there is disagreement over signs. 
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S3 


= +*. 


h - -§ , 


.93 =-Ji 


c = +i, 


S4 


i 

— 8 ' 


U = +ig, 


.94 = +3 , 


d = +±, 


S5 


~24 ' 


/ 5 = o, 


95 = — 4 ) 


e = -J- 

e 24 : 


S6 


= o, 


f — 3 
J6 - -g , 


56 = - 2 ) 


f = + — 
1 ^288 


S7 


= 0, 


/V = , 


.97 = +| , 


d = +±, 


S8 


= o, 


fs = +h 


.98 = , 




S9 


=+b 


fa = -48 , 


.99 =0 




SlO 


_ 1 

48 ' 


/10 = +| , 


,9io = +§ , 


g — — 8 ! 


Sll 


= +l 


/ll — ^"288 ' 


,9ii = , 
.912 = , 
.913 = , 

.914 = +J , 

.915 = -35 , 


n = +±, 

i = -i. 

J 4 ■ 

k = +|. 



3.2 Closure of the Superalgebra 

Wc have seen that the higher derivative corrected Euclidean BLG theory is invariant under our super- 
symmetry ansatz. However, for a truly supersymmctric theory the supersymmetry transformations must 
close on-shell on to translations and gauge transformations. In this section we show the superalgebra 
does indeed close for the coefficients listed in Eq. (3.64). In the absence of cubic fermion terms in 
and 5' A^a and quadratic fermions in S'tp a we are unable to close on the fermion field. 

We present only our results as the detailed calculations are long. Our methodology in the closure 
calculations is the same for both the scalar and gauge fields and we detail it here. We first separate 
out certain terms according to their number of covariant derivatives and then insert the relevant super- 
symmetry transformations. Next, we use the relation {V, T 1 } = to group all worldvolume r-matriccs 
together and then expand them out using the Clifford algebra relation. Following this, we perform the 
(1 -H> 2) anti-symmetrisation in the supersymmetry parameters making heavy use of Eq. (A. 8). The 
transverse T-matrix algebra is performed next and our calculations have again been helped by using the 
symbolic computer package Cadabra [35] [36]. Finally, we simplify the remaining expressions wherever 
possible using the identities in Eqs. (3.22) and (3.23). 

3.2.1 Closure on the Scalar Fields 

The full supersymmetry transformations can be written as 5 = S + 5' where 5 are the lowest order 
variations and 5' are the 1/Tm2 corrections. Closure on the scalars then takes the form 

[hMK = [6 u S 2 }Xi + (6 1 S' 2 + 5'MXl - (6 2 S[ + S'^Xi + [5'^5'^Xi . (3.65) 

The lowest order commutator, [6i,62]X^, closes on to translations and gauge transformations [3] as we 
have seen previously. The commutator [<5i, <5 2 ]Jf^ is 0(T^i) and can be ignored because we are not 
considering the corrections to the supersymmetry transformations. The remaining mixed terms, 
(6iS' 2 + S[S 2 )X^ — (S 2 S[ +8' 2 5i)Xa, are the focus of this section and must be zero for the algebra to close. 
As closing on the scalar field does not involve use of the equation of motion the mixed terms must be 
zero either through symmetry arguments or by constraining the coefficients to be zero. Performing the 
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supervariations we find that the resulting terms can be grouped according to the number of covariant 
derivatives they contain. To begin, we consider terms which involve three covariant derivatives, 

T M 2 (<5i<M + KhX'ahox - (1 2) 

= + i(6/x - 2si - 2 S2 ){e 2 Y JK Y^ x e 1 )D ll X I b D lJ X J c D x X d x d bcd a 
+ i{2f 2 + 2s 2 - 2sz){e 2 T»6 1 )D li XiD y X I c D v X J d d bcd a 

+ i(2/ 3 - 2s 2 - 2s i ){e 2 T^e 1 )D^X I b D y XiD v Xi d bcd a . (3.66) 

Closure requires each of these terms is zero. Hence, 

fi = + §«i + ±s 2 , h = -«2 + S3 , h = + s 2 + s 4 ■ (3.67) 

Next, we consider terms which involve two covariant derivatives, 

T M2 {S x S' 2 Xi + S&X^dx -(1«2) 

= + 2(6/4 - *i + 2s 7 )(e 2 T JKLM T» v e 1 )D li XiD v X«X I d LM d bcd a 

+ i(4/ 4 - - 2s 5 - 2s e ){e 2 T JKLM V^e 1 )D ll X I b D v X J c Xf LM d bcd a 

+ i(2f 5 + 2 S1 - 6s 5 + 2s % )(l 2 Y IKLM Y^t 1 )D^XiD v Xfxi LM d bcd a 

+ i(2f 6 + 2 Sl + 2s 9 ){l 2 T^e l )D^X d D„X?X I d JK d bcd a 

+ »(6/ 7 -s 4 + 2s 7 ){e 2 Y JK e 1 )D^X b L D^X^X I d JK d bcd a 

+ i(2/ 8 - s 3 + 6s 6 + 2 S8 )(6 2 r KL e 1 )D f ,X b I D»X d X d TKL d bcd a 

+ »(-4/ 8 + 4s 7 + 2 S9 )(e 2 r KL e 1 )i^X b 7 Z^X c i Xj JA " rf fccd a . (3.68) 

These two derivatives terms are then zero if 

fi = \s x ~ \s 7 , f 4 = ±s 2 + is 5 + is 6 , (3.69) 

h = ~ s i + 3s 5 - s 8 , /6 = -si-s 9 , /r = |s4-|s7) (3-70) 

js = |«3 - 3s 6 - s 8 , / 8 = s 7 + ±s 9 . (3.71) 
The terms which involve a single covariant derivative are 



T M 2 {5iS' 2 Xi + 6[6 2 Xi) 1DX - (1 o 2) 

= + i(2/ 9 - 2s 6 - 2 Sl0 )(e 2 r^ 1 )D M X 6 r X/* i X^ i d bcd a 

+ i(2f w - 2s 7 - 2s s - 2 Sll ){l 2 T»e 1 )D^X d X I c KL X dKL d bcd a . (3.72) 



Closure requires 

/g = S 6 + Sio , /lO = «7 + s 8 + Sll ■ (3-73) 

Finally, we consider those terms which contain no covariant derivatives, 

T M 2 (Si8' 2 Xi + S'&XboDx -(l«2)= + i (6/n - sio - |« u ) (e 2 r Jif e!)X 6 /Jif x^X™ d hcrf a , 

(3.74) 

and we require 

/11 = \&w + jgs n . (3.75) 

It is easily verified that the conditions for closure are satisfied when the / and s coefficients take the 
values found in Eq. (3.64). 
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3.2.2 Closure on the Gauge Fields 

Closing the algebra on A p gives 

[Si, h]A p b a = [ft, 5 2 ]A* a + (Si6' 2 + - (S 2 S[ + 5' 2 5i)A b a + [JUalVa ■ (3-76) 

As for the scalar field, the terms in [5[, S^A^a can be ignored. The lowest order terms may be written 



as 

[Si,5 2 ]A^ a = + 2i(e 2 Y u e x )e^ ^£ paX F pa b a + E Ax * b ^ - 2i(e 2 T IJ e 1 )X I c D^X d , f cdb a , (3.77) 

where £U A a b is the lowest order gauge field equation of motion. From the presence of covariant derivatives 
in the higher derivative Lagrangian it follows that the gauge field equation of motion picks up 1 /Tm2 
corrections. Hence for on-shcll closure we require the mixed terms make the following contribution to 
the higher order equation of motion 

M + S[S 2 )A, b a - (1 O 2) = + ^-{e 2 T v e l )e^E' Axab (3.78) 

= + 5 ^(e 2 r I 'e 1 ) £ ^ A ( + AAD^XiDPXjDpXlXi + 4bD x X T e D" >Xj D p X J g X C J ) d^^ d f dh a 

+ 5 2j_(c 2 r" ei )e M1/A ( + Zce?° x D p X J e D a Xf Xl JK Xi) d e ^ d f cdb a 

+ ^-(e 2 r v e 1 )e^+ (fd + 2e) D x X^Xj KL X^ KL X I c ) d e ^ d f cdb a 

+ 0(^ 2 ), (3.79) 

with all others terms in (6i6' 2 + S[5 2 )A p b a - (1 f> 2) being zero. Once again, the closure terms can be 
neatly split according to their number of covariant derivatives. We first consider terms which involve 
three covariant derivatives, 

T M 2 M4u 6 « + S'lhA^a^DX - (1 <-> 2) 

= + i(2f 2 - 2g 5 - 2g Q )e lxvX {l 2 T v ei)X I c DPX I e D x XjD p X J g d e fa d f cdb a 
+ i(2f 3 - 2 9l + 2g & )e pvX {l 2 Y v e l )XiD x XlD p X J s D"X J g d ef9 d f cd \ 
+ i(-2g 2 + 2.93 - 2g 6 )e^ p (e 2 T"e 1 )X I c D x X I e D p X'}DPX d d e ^ d f cdb a 
+ i(-2g 3 + 2.g 5 - 2g B ){e 2 T JK e 1 )D p X J e D v XfD»X I g X I c d efa d f cdb a 
+ i(-6/i + 2g 7 + 2g % )e vX P(l 2 Y 1JKh Y p e l )X I c D p XlD v XfD x X L g d e ^ d f cdb a 
+ i(2f 3 - 2.9i - 2g 8 )(e 2 T IJ e 1 )X I .D p X d D„Xf D"Xf d e ^ d f cdb a 
+ i(2f 2 - 2.9 2 + 2g & ){e 2 T IK er)X I c D^X J e D v XjD v X g K d e ^ d f cdb a . (3.80) 

The first and second terms form part of the higher derivative equation of motion and after comparing 
with Eq. (3.79) we find 

2f 2 - 2.9 5 - 2.9 6 = 8a , 2/ 3 - 2gi + 2g 6 = 8b . (3.81) 

The remaining coefficients must be zero for closure of the superalgebra. Hence, 

fl = §57 + §38 , h = 92 - .98 , /3 = 9i + gs , (3.82) 

.92 - .93 + .96 = , .93 - + 38 = . (3.83) 
Next we consider terms which involve two covariant derivatives, 

T M 2 (5lS' 2 A p b a + S'^A^a^DX - (1 -H- 2) 
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= + i(4f 6 + 2. 98 - 2g n - 2g u )(e 2 T^ 1 )X d D f ,X;!D l ,XfX I g JK d e ^ d f dl ' a 

+ i(2/ 6 + 2/ 6 - 56 + 2 57 + &g g )E llvX {e 2 T KL e 1 )X I c D v X I e D x XjX J g KL d e ^ d f cdb a 

+ i(4/ B + 4 57 - 4 5l0 + 2 5ll ) £ ^ A (e 2 r KL e 1 )X c / Z? y X e 7 ^ A ^X g /JA ' d efg d f cdb a 

+ i(2/ 8 + .95 - Qg 9 ){€2T ll T IJKL e{)X I c D''XtD v XyxK LM d e fs d f cdb a 

+ i(12/ 4 - 2/ 5 + .93 - 58 + 659)(e 2 r^r 7JLM e 1 )X c / J D A1 X/^Xf LM d e ^ d f cdb a 

+ i(-12/ 4 + 2/ 5 + 54 + 58 - Qg 12 ){e 2 T v T IJKL e 1 )X I c D v X J e D ll XfX^ LM d e ^ d f cdb a 

+ i(12/ 4 - .98 - 2510 - 2g 13 ){e i VT JKLM e 1 )X I c D ll XiD v Xf X{ LM d efg d f cdb a . (3.84) 

The first term contributes to the gauge field equation of motion. After multiplying out the e-tensors in 
Eq. (3.79) we find that closure on-shell requires 

4/ B + 2.9 8 - 2flii - 2514 = -12c . (3.85) 
The remaining terms are zero provided 

h = T2.98 + £5io + £5i3 , (3.86) 

6/4-/5 = - 553 + §58 -359, 6/4-/5 = 5.94 + 558-3512, (3.87) 

h = -.97 + 5io - \g\\ , (3.88) 

h+h = 596 -57-359, /s = -5.95 + 359. (3.89) 
The terms which involve a single covariant derivative are 

T M 2 (<W 2 V + SlM/cOlDX -(1^2) 

= + i(2/ 9 + |/io + 2.99 + §5io - 2g 15 )(e 2 T"e 1 )e flvX D x X I e Xj KL X^ KL X^ d ef9 d f cdb a 
+ i(2/ 9 - §513 - 2 fll5 )(e 2 r"e 1 )£>^X/xf LM Xf LM X[ d e ^ d f cdb a 
+ i(2/ 10 + 25x3 - g li ){e i T LM e 1 )D lt XiX I f JK X? I ' M X I d^ d f cdb a . 

The first term forms part of the gauge field equation of motion. Comparing with Eq. (3.79) we see that 

2/9 + |/io + 2.99 + §510 - 2.915 = +|d + 4e . (3.90) 

The remaining coefficients must be zero hence, 

h = |.9i3 + .915 , /10 = -513 + 5.914 • (3.91) 

Next we consider terms which involve no covariant derivatives, 

T M 2 M V« + W - (1 2) 

= + i (2/n - iffis) (e 2 T,T IJKL e 1 )X^ L X} INO X^ NO X I c d^ d f cdb a . (3.92) 

At first sight we should take the coefficient to be zero however, using the identity (3.23) we can show that 
the term is zero independently of its coefficient and consequently this part of algebra closes automatically. 

Once more it is easy to verify that all the gauge field closure conditions are satisfied by the coefficients 
listed in Eq. (3.64). 



16 



3.3 Summary of Results 

In summary, we have found that the maximally supersymmctric higher derivative corrected Lagrangian 
of the Ai BLG theory, to lowest non-trivial order in fcrmions, is 

C = C B lg+ T^ STr { + 3 D^X I D li X J D"X J D v X I - \ D^X 1 D^X 1 D v X J D V X J 
+ i e^ x X IJK D I1 X I D V X J D X X K 

+ \ X IJK X IJL D^X K D^X L - ± X IJK X IJK D»X L D^X L 

i 1 vUK V IJK Y LMN V LMN 
' 288 A A A 

+ \ i)Y^T IJ D v ^D ll X I D u X J - i ^Y li D v ^B li X 1 D v X I 

+ jl ^r 7JKL L»^v x ijk d v x l - f tpT IJ D u ip x ijk d v x k 

+ £ i>T IJ [X J , X K , ip]D ll X I D fl X K 

- i$r>"'[X I ,X J ,i/>]D ll X I D v X J - iipr^T IJ [X J ,X K ,^]D fl X I D v X K 

+ ^tpr fJ -T TJ [x K ,x L ,'>p}D fl x I x JKL - § ^[x 1 ,x J ,^}d^x k x IJK 

- i<tpT fi T TJ [X K ,X L ,>(p}D fl X L X TJK 

- -^i'T IJ [X K ,X L , ip]X IJM X KLM \ . (3.93) 

The preceding Lagrangian is invariant under the following A/" = 8 supersymmetry transformations; 

5Xl = i(eTV«) + + ^"^""iMDnXtDvXd d bcd a 
+ l^^D^XlD^Xi d bcd a 

- ^iMD^D^Xi d bcd a 

+ j z (eT IJKLM T"ip b )D^X^Xf LM d bcd a 
+ ^(e^T^D^X 1 /" 1 d bcd a 

- i-^^xl^xl^ d bcd a 

+ i{lY L ^ b )X J c KL X J d KI d bcd a ) , (3.94) 



5ip a = T^eDpXl - \T IJK eXi JK + ^-{ + ±T JKL T^ x e D^X b J D„X« D X X% d 



bed. 



\T K T»eD^XiD u XlD»XK d bcd a 
\T K T' i eD ll X b K D v X J c D v X J d d bcd a 

1 rJJfLMiVrui/, n vJri vK vLMN jbed 
4gl eV ft X b V u X c X d d a 

3 T M Tli u eD ^ x J DvX K x JKM d bcd a 

±T KLM e D^XiD^Xixf^ d bcd a 
i T KLM e D ^ X J b D^X^X J d LM d bcd a 

ir J r" e D lt xfx? LM x? LM d bcd a 

i T M T n e D, i XiX J c KL Xf LM d bcd a 
^T NOP eXi KL X J c KL X$ OP d bcd a } , (3.95) 



8A* a = ieT lt r I Xfy d f edb a +t±- 2 {~ i{lT ll T I ^)D u X J } D v X J g X I c d e ^ d f cdh a 

+ lieT^^D^XjD^Xi d ef v d f cdb a 
- lieT^^D^XjD^lXi d e ^ d f cdb a 
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+ l{eY v T J ^ e )D fl X I i D v X J g X I c d^ d f cdb a 

- l{lT ll T J ^ e )D v X J f D v X I g X 1 c d ef9 d f cdb a 

- l(eT llvX r J i; e )D v X]D x X I g Xi d e ^ d f cdb a 

+ l{eT^ x T IJK ^ e )D' J X J f D x X g K X I c d e ^ d f cdb a 
+ f (eT^F JLM ^)Zrx/X g /iM X c 7 d e ^ d f cdb a 
+ l^'^D^Xjxl^'xl d e ^ d f cdb a 

- i s (eT„r I i, e )X J f KL X^ KL X I c d e ^ d f cdb a } . (3.96) 



4 Conclusions and Outlook 



In this paper we have determined the four-derivative order corrections to both the supersymmetry trans- 
formations and Lagrangian of the A4 Bagger-Lambert-Gustavsson theory. Supersymmetric invariance 
of the Lagrangian requires that the arbitrary coefficients in the system are fixed up to an overall scale 
parameter and by reference to the abelian DBI action for a single M2-brane, the scale parameter is 
itself fixed leading to definite numerical values for all the coefficients. We have also shown that the 
supersymmetry algebra closes on-shell on to the scalar and gauge fields at linear order in the fcrmions. 4 
In establishing these results we have made use of the identity f\^dje]f g h = Qj which is trivia u y 
satisfied by the structure constants of the A4 3-algebra as f abcd oc e abcd and a,b,c,d £ {1,2,3,4}. 
However, the Lorentzian and other non-Euclidean 3-algcbras of [9]- [14] do not necessarily satisfy this 
identity and it is clear that our results do not hold for these wider classes of theories. Therefore, to 
extend our results to the non-Euclidean BLG theories we must abandon use of the identities which 
follow from f[^cdje\f 9 h = o ie Eqs. (3.6), (3.7), (3.22) and (3.23). Consequently, we should reinstate 
the g. rh and 6 terms in Ci/t M2 (3.1) as well as adding terms to the order 1/Tm2 supersymmetry 
transformations. The coefficients of the new terms would then be determined by repeating the analysis 
in this paper. We hope to report on the extension of this work to real, non-Euclidean 3-algebras in the 
future. 

This work is incomplete in the sense that we have only worked to lowest order in fermions. The quartic 
fermion terms in the action, which coincide for the Lorentzian [23] and Euclidean [24] BLG theories, are 
known. Incorporating higher fermions in the supersymmetry transformations would, in principle, allow 
us to verify that the entire theory at 0{1/Tm2) is maximally supersymmetric and additionally, to close 
the superalgcbra on all the fields. To proceed at this level would require the addition of supersymmetry 
transformations of the form 

Tu2&x = + (ervo^rity) + (eiY) $r[*i>,x,x] , (4.1) 

T M2 S'A = + (eTyj){tpTDyj)X + (eTyj) $Tty, X, X]X , (4.2) 

T M 2 S'tp = + Te{$TDij))DX + Ye{i>TDil))[X, X, X] 

+ Te $rty>, X, X]DX + Le i/T[V>, X, X] [X, X, X] . (4.3) 

The most general starting point would then involve taking all independent Lorentz invariant combina- 
tions. However, the presence of two sets of L-matrices in the supersymmetries allows for many ways of 
contracting Lorentz indices and also brings into play the transverse duality relation 
In addition, the cubic fermions in Eqs. (4.1) and (4.2) can be rearranged using the Fierz relation. The 
impact of these features is to obscure which terms are independent so that even the starting point is 
difficult to determine. Moreover, the subsequent invariance and closure calculations would involve heavy 

4 With the coefficients we have determined, it can also be demonstrated that the presence of higher derivative corrections 
in the fermion supersymmetry does not modify the BPS equation [2]: ^r^m = — ^£ ahcd X bcd . 
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use of the Fierz rearrangement and consequently represent a formidable computational challenge which 
we leave for the time being. 

In certain circumstances, the Euclidean BLG theory has a spacetime interpretation of describing 
two M2-branes. The theory which describes N M2-branes is the ABJM theory [15] with gauge group 
U(N) x U(N). This theory has manifest Af = 6 supersymmetry 5 together with an SU(4) R-symmetry 
and can be formulated using complex 3-algebras [38]. With the exception of the abclian U(l) x 17(1) 
theory [39], the order \/Tm2 higher derivative extension of the ABJM model has not been examined. 

Possible methods of approaching the ABJM higher derivative extension have been discussed in 
[24] and [29]. A separate brute force approach is simply to consider the most general action and 
supervariations which are consistent with all symmetries of the system and try to demonstrate invariancc 
and closure as we have done here for the A4 BLG theory. It is conceivable that the arbitrary coefficients 
in the 1/7m2 extension of ABJM can likewise be determined up to an overall scaling parameter. It 
would then remain to fix this scale parameter and there are at least two possible ways of doing this. 
First, we could directly compare against multiple D2-branes written in a suitable complex format by 
using the 'novel Higgs mechanism' for ABJM [26] [27] or perhaps by taking an infinite periodic array of 
M2-branes [40]. Secondly we could re- write the results of this paper in complex SU(2) x SU(2) form 
[41] and exploit the equivalence, at levels k = 1 and 2, of the U(2) x 17(2) ABJM and A4 BLG theories. 
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A Conventions and Useful Identities 

All spinorial quantities are those of the eleven-dimensional Clifford algebra with mostly plus metric, and 
are taken to be real. We denote the M2-brane world volume indices by fj,,u,... = 0, 1, 2 and transverse 
indices by I, J, . . . = 3, 4, . . . , 10. The unbroken supersymmetry parameters, which are 16 component 
Majorana-Weyl spinors, satisfy the following chirality conditions 

r i 2 e- + e, (A.l) 
IW = -</>• (A.2) 

From the chirality conditions and the choice £012 = — 1 5 we deduce the following M2-brane worldvolumc 
T-matrix duality relations 

r^Af = — £^v\£ , r„A£ = — e^ti/Ar^e , r^e = +le Al ^ A r Aliy e , (A.3) 
r^ = +£^, T vX tP = +e llvX V^, T x i> = -le^ x T^. (A.4) 
The T-matrices have transposes given by; 

(rM T = (-d^gtC-)^ = /-cr<^-; if „ = i or 2, 

V J v ; l+Cr^C" 1 ifn = 3. 



r (/ m A T = ( _ 1) im(m+i) c , r (/ m ) c ,-i = i-CT^C 1 if m= 1,2, 5 or 6, 
/ l+CT^C- 1 if m = 3, 4, 7 or 8, 



(A.6) 



5 This is enhanced to J\f = 8 when the Chern-Simons level takes the values k = 1, 2 [15] [37]. 
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where C = To is the anti-symmetric charge conjugation matrix and we denote by T^"- 1 and r' /m ^ the 
totally anti-symmetric product of n worldvolume and m transverse T-matrices respectively. Using the 
transpose properties (A. 5) and (A. 6) together with -{T 7 ,!^} =0wc find for any two spinors x an d A 

^p(/ m )p(J n )p(Mp) / \ _ (_l)0(m,n,p)^]-i(J„)p(/ m )p(/ip)^, j (A. 7) 

where 6(m, n,p) = p(m + n) + ^m(m + 1) + \n{n + 1) + \p{p + 1)- Hence for \ = e 2 and A = t\ 

( 6 2 [r^)^^")] r^) £l if (-l)S(m.^p) = + ^ 

e 2 r( J ™)r( J »)r^)ei - (1 2) = I (A.8) 

I e 2 {r( J "*),r( J »)}r(' 1 '')e 1 if (-l)<X. m > n >P) = -1. 
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